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ABSTRACT
We established some sufficient conditions involving the oscillatory behavior of first order delay
difference equation of the form
Ala,wy) + 1,Wp_m = 0,n EN.
Examples are provided to illustrate the results.
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INTRODUCTION
Consider the first order delay difference equation,
Ala,wy) + Wy = 0,n EN. (1.2)
where {a, }, {r,} are sequences of positive real numbers, m is a non-negative integers.A nontrivial

solution {w,, } of (1.1) is oscillatory if it is neither eventually positive nor eventually negative and non-
oscillatory otherwise.

MAIN RESULTS
Theorem 2.1.Letn, > 0 foralln € N and
lim sup Y7, _m Z—S > 1(2.1)

n—-oo

Then, the difference equation (1.1) is oscillatory.
Proof. Let w,, > 0 for all n € N(n,) be a solution of (1.1).
Since i, > 0, for all n € N(n, + m), equation (1.1) implies that Aw,, < 0, and hence
wy, IS
non-increasing on N (n, + m).
Therefore, lim,,_,,w,, = y = 0 exists.
But taking the limit in (1.1) ensures that y = 0.

Now summing (1.1) from n, € N(n,; + m), to n, + m, we have
ny+m 7s _
Any+m+1)Wn,+m+1) — An,Wn, + Zs:nz a_SWs—m =0,

which implies that

ny+m Ts
Ay +m+1D)W(ny+m+1) — An,Wn, [1 ~ Lszn, a_s] =0

Therefore,
1- ¥ =20

and hence

1> lim sup¥gz," =

Ny—00 Qs

This contradicts (2.1) and completes the proof.
Theorem 2.2. Suppose that
T{minf;’—z =d > 0and rlli_r)gosup;—’; >1—d. (2.2)

Then, the following hold
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(1) Apy1Xne1 — AnXy + Z—" Xp-m <O, MEN (2.3)
has no eventually positive solution
(iD)an412Zn41 — Anzy + :—:Zn_m >0,neN (2.4)

has no eventually negative solution
(ii)difference equation (1.1) is oscillatory.
Proof.Assume that x,, is an eventually positive solution of (2.3),
that is there exists a n;eN (1) such that x,, > 0 for all n € N(n,).
Lete > 0,0 < € < d and n, = n, be such that

1 >d—e>0, foralln € N(ny).

an
Let n; = max{n; + m,n,}
so that

7
AnXy = a_an—m > (d — €)X,_4, forall n € N(ns),

n
since x,, is non-increasing for all neN(n;).

On the other hand, we have
rn
02 api1Xn+1 = AnXn + —Xp-m
aTl
T
> Apt1Xne1 T AnXy (a—n — 1), for alln € N(ny).
n
so that

aan(;—Z—1+d—e)SO, foralln € N(n3) ,

Thus, it follows that
< 1—d +¢, foralln € N(ns),

an
and hence
. Tn
limsup—<1—-d+e
n—oo an
However, since € > 0 is arbitrary, we have
T
lim sup— < 1 — d.
n—-oo n
This contradicts (2.2) and the proof of (i) is complete.
The conclusion (ii) follows from (i) by letting w,, = —z, for an eventually negative solution x,, of
(2.4).
Finally, (iii) follows from (i) and (ii).

Theorem 2.3. Assume that r;, > 0 forall n € N and
m+1

Ai_r){}oian?;%—m Z—SS > (mwilm : (2.5)
Then, the conclusions of Theorem (2.2) hold.
Proof. We shall prove only (iii), whereas (i) and (ii) can be proved analogously.
Let w,, be a non-oscillatory solution of (1.1), which we can assume to be positive eventually, and since
1, > 0 this solution w,, > 0 is eventually decreasing.
Therefore, on using w,, < wy,_,,, in (1.1), eventually we obtain

™n Wn+1
In <] a1
an Wn

and hence on using arithmetic and geometric means inequality, we find



25 JNAO Vol. 15, Issue. 1, No.3 : 2024

_Zs n-m 7’_:<1_ Zs n— mw‘zl
1 (2.6)
<1—[Yn ]m.
Wn-m

m

. m
setting y = (mrmL

from(1.1) we can choose a constant § such that for n sufficiently large
1 - s
y<é< (%) ?:&—m Z_S-
Therefore, from (2.6) for all large n,
1

|- ]as1—5,

Wn-m

which in particular implies that 0 < § < 1.
Now since
max [(1 - n)nm] )/m

0sn=1
1 -1

we have 1 —n < ympmfor0 <n <1,

and hence it follows that
1

m 1 -1
Wn ]m < ]/ESE
o Wn-m
which is the same as
%Wn < Wpom- 2.7)
Now using (2.7) instead of w,, < w,,_,,, in (1.1) and repeating the arguments, we find
2
(g) wy, < Wy_p, for all large n. (2.8)
Thus, by induction, for every n € N(1) there exists an integer n,, such that for all n € N(n,,)
S n
()—/) Wy < Wy_m. (2.9)
Next, for sufficiently large n,
" m Z— >yn-t ;— >mé =M. (2.10)
say, since § > vy,
we can choose n such that
5\ 22

For this specific value of n, we consider n sufficiently large, say n* so that for all n > n*, all the above
inequalities are satisfied.

Then, for each n = n* + m there exists an integer 7 Wlth n—m <7 < nsothat
n

Tg M Ty M
2 223 )and2—2<—>
as 2 a 2
. _s=n—m s=n
From (1.1) and the non-increasing nature of w,,, we have
~Wn-m = Wat1 — Wnpem



26 JNAO Vol. 15, Issue. 1, No.3 : 2024
fl
-l 2 2

and hence
%(Wﬁ—m) < Wn-m. (2-12)

Similarly, we find

S=n

M
< - > —Wn_m

and so
%Wn_m < wy . (2.13)
Combining (2.9),(2.12)and (2.13), we get
s\ WhH-m 2\?
() ===<(3) (214)

But this contradicts (2.11) and the proof is complete.
3. EXAMPLE
Example 3.1.Consider the first order delay difference equation
Anwy) + 2n+ Dw,_, =0 (3.1)
Here a, =n,1,, =2n+ 1.
All conditions of Theorem(2.3) are satisfied.
Hence all solution of equation (3.1) are oscillatory.
In fact, w,, = (—1)" is one such solution of equation(3.1).
Example 3.2. Consider the first order delay difference equation

1
A(Z)+@n+ Dwy, =0 (3.2)
Here a,, = %,rn =2n+1.
All conditions of Theorem(2.3) are satisfied.

Hence all solution of equation (3.2) are oscillatory.
In fact, w, = (—1)™" is one such solution of equation (3.2).

4. Conclusion

In this paper, the oscillatory behaviour of first order delay difference equation of the form(1.1) has
been studied and established some sufficient condition for oscillatory behavior of (1.1).Various
example are considered to illustrate the main results.
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